We analyze the quantum supersymmetric cosmological FRW model with a scalar field, with a conditional probability density and the scalar field identified as time. The Hilbert space has a spinorial structure and there is only one consistent solution, with a conserved probability density. The dynamics of the scale factor is obtained from its mean value. The uncertainty relations are fulfilled and the corresponding fluctuations are consistent with a semiclassical Universe. We give two examples which turn out to have negative potential.
red shift, we compute the quantum fluctuations of the velocity of the scale factor, which reduce notably in the region corresponding to the present era, consistently with a semiclassical behavior. We give two examples, which turn out to have negative potential. The resulting universes expand from a singularity, and after one or more inflationary periods collapse to a singularity again, consistently with the results of [14, 15] , where this type of potentials are studied.
The outline of the paper is as follows. In the second Section we extend the FRW model with a scalar field to a worldline supergravity model and sketch the Hamiltonian analysis, in the third Section we perform the quantization, in the fourth Section we discuss the interpretation and show the results based on the examples, one of a stable potential and the other of an unstable one. In the last Section we draw some conclusions.
II. SUPERSYMMETRIC FRW MODEL WITH A SCALAR FIELD
Let us consider the action of a scalar field with a four dimensional FRW metric
where N is the lapse function and a is the scale factor. This Lagrangian is invariant under time general reparametrizations. From the equations of motion of this action, with N = 1, the Friedmann equations and the conservation equation for a perfect fluid turn out,ȧ 2 a 2 = ρ + k, 2 − V (φ) the pressure for the perfect fluid φ(t). The Hamiltonian constraint of (1) is
After quantization it becomes the Wheeler-DeWitt equation for the wave function of the universe, where the ordering ambiguity of the first term must be fixed.
A. Supersymmetric formulation
Supersymmetric cosmology can be obtained from one dimensional supergravity [16] , which can be formulated as general relativity on the extension of the time coordinate to the superspace of supersymmetry [10] , t → z M = (t, Θ,Θ), where Θ andΘ are anticommuting coordinates. The basic quantities are the superfields, see e.g. [9] , which transform as δ ζ Φ(z) 
, which in the covariant Wess-Zumino gauge [10] is E = −e − i 2 (ΘΨ +ΘΨ), see e.g. [8] . Therefore, in order to obtain the supersymmetric cosmological model of (1), superfields for the scale factor and the scalar field must be assigned
The supersymmetric generalization of the action is given by I = I R +I M , where I R is the cosmological supersymmetric generalization of the free FRW model and I M the matter term [6, 8] 
Upon integration over the Grassmann parameters in (5) and (6), we find the total component Lagrangian [8]
The fields B and G do not contain kinetic terms and are eliminated solving their equations of motion
, the Lagrangian becomes
As in the bosonic case, the kinetic terms have different signs, pointing to the presence of ghosts. Following the usual interpretation, in this Lagrangian there are Goldstino fields as follows. Upon substitution of the equations of motion of the auxiliary fields, the supersymetry transformations of the fermions λ and η become δ ζ λ =ζ √ k − aW/2 + · · · and δη =ζW + · · · . Thus if any the fields on the r.h.s. of these equations has nonvanishing vacuum expectation value or k = 0, the corresponding fermion is a Goldstino. However in one dimension, the appearance of this fermion does not mean necessarily that supersymmetry is spontaneously broken.
B. Hamiltonian analysis
The canonical momenta of (8) are π e = 0 and
Equations (11) and (12) are second class constraints and the corresponding Dirac brackets are {a,
Using the standard definition for the Hamiltonian and solving the second class constraints, the Hamiltonian of the theory is
where
which close under the Dirac brackets
From (2) we see that the scalar potential is
III. QUANTIZATION
Under canonical quantization, the Hamiltonian constraint is imposed as a second order differential equation on the wave function, giving the Wheeler DeWitt equation. In the supersymmetric case, the supercharges (15) and (16) give first order differential equations, from which the Hamiltonian follows (17) . From the Dirac brackets we get
the restly (anti)commutators being zero. In particular λ 2 = η 2 =λ 2 =η 2 = 0. The bosonic momenta are represented by derivatives and the fermionic degrees of freedom have been represented in various ways, for instance by Dirac matrices [4] or as derivatives of the canonical conjugated variables [17] . Here we will quantize in the simplest way, as done in [18] , starting from a vacuum state, annihilated by the fermionic operators λ and η, and on which new states are created byλ andη. Then we apply the operators S andS on a general state obtained in this way, and then we look for their null eigenstates. We use gradated Weyl ordering to fix the ordering ambiguities, i.e. products of operators which classically commute are symmetrized, and products of fermionic operators are antisymmetrized. Thus, the quantum constraints are
The anticommutator of these operators is {S,S} = −2H 0 , hence the quantum hamiltonian is
The last term is due to the operator ordering. Thus,S = S † , and H 0 is self-dual, as ensured by the second term on the right hand side of (24).
The Hilbert space is generated from the vacuum state |1 , which satisfies λ |1 = η |1 = 0. Hence, there are four states
which are orthogonal and have norms 2|2 = 1|1 , 3|3 = − 1|1 and 4|4 = − 1|1 . Therefore a general state will have the form
Hence
Therefore, from the constraint equation S |Ψ = 0, we get
while forSΨ = 0, we get
The equations for ψ 1 and ψ 4 can be straightforwardly solved yielding the, up to constant factors, unique solutions
Further, the equations of ψ 2 and ψ 3 can be written as
These equations might have nontrivial solutions, which could be obtained by a power series ansatz in the variable a, i.e. ψ 2 (a, φ) = n≥0 α n (φ)a n and ψ 3 (a, φ) = n≥0 β n (φ)a n . If there is a solution, it can be seen that the coefficients in these power series contain exponentials of the form e ωnφ and e −ωnφ , with undetermined coefficients, where ω n are real numerical factors. In fact, these expansions have the form
where ω n = 1 √ 6
(n + 1 8 ), and c n and d n are arbitrary constants. In fact, for W = 0, the solutions of (41) and (42) are
, where f ± are arbitrary functions, as a consequence of the fact that there are two variables. Therefore, in general the solution to the constraint equations is |Ψ = C 1 ψ 1 (a, φ) |1 + C 2 ψ 2 (a, φ) |2 + C 3 ψ 3 (a, φ) |3 + C 4 ψ 4 (a, φ) |4 , where the factors are arbitrary constants. The norm of this state is
(45) If we want to have a probabilistic interpretation, it is desirable that (45) is well defined and always positive. Thus, we keep in this expression, as consistent solutions, only the ones whose wave functions ψ i (a, φ) are square integrable. Moreover, the operators which represent observables must be self-adjoint. We count here as observables the phase space variables a, φ, π a and π φ and the Hamiltonian H 0 . Thus, in order that the integrals in (45) are well defined and the operators a, φ, π a = −i ∂/∂a and π φ = −i ∂/∂φ are self adjoint, first their definition domains must be stated. In quantum mechanics, the integration from −∞ to ∞ and the vanishing boundary conditions of the wave function at the limits, ensure that the momenta are self-adjoint. However, classically a ≥ 0, which poses a problem for quantization, see e.g. [11] . Nevertheless, whatever the integration range of a is, if there are nontrivial solutions for ψ 2 and ψ 3 , these solutions are not square integrable, considering that φ ranges from −∞ to ∞. Thus, we exclude these possible solutions and |Ψ = C 1 ψ 1 (a, φ) |1 + C 4 ψ 4 (a, φ) |4 . In this case, we observe that the solutions (39) and (40) vanish at a = 0; hence π a and H 0 are self-adjoint, keeping a ≥ 0,
Further, in order that the integrals are well defined, a first condition is that the corresponding wave function vanishes as a → ∞ or as φ → ±∞. Therefore, for ψ 1 , the argument in the exponential must blow up to negative infinity, i.e. 3a
In particular the condition regarding a → ∞, requires that W (φ) is always positive. In the case of ψ 4 , the inverse situation holds: W (φ) must be always negative and it should have the limit W (φ → ±∞) → −∞. Therefore, only one of both wave functions (39) or (40) can be normalizable. Thus, for a given nonvanishing superpotential, there is only one square integrable wave function, whose norm (45) can be chosen to be positive, hence
and 1|1 is chosen to be 1 in the first case, and −1 in the second case. Note that these states are bosonic. Thus, given a nonvanishing superpotential, there is only one consistent wave function.
In the following, we will restrict ourselves to the case k = 0. If we impose the condition that these states are normalized to unity, then the normalization constant is
In fact, the old problem of time shows at this stage, i.e. that from this wave function we cannot make any prediction as there is no time. In other words, if (45) is well defined and positive, to it corresponds rather a sort of static universe.
IV. INTERPRETATION
As already long ago discussed, universe has to be self contained regarding time [19] , i.e. the clock is part of it. In particular, it can be in the form of a scalar field [11] . Further, nowadays the universe is classical and in fact, its gravitational evolution has been classical excluding its very first moments, when anyway the meaning of time would be expected to be blurred by the strong quantum space-time fluctuations, and in any case we would require full quantum gravity. Thus, regarding time, one would be rather interested on the classical information, which is rendered when the mean values of the observables are computed. Here we consider the FRW model with a scalar field, in a supergravity framework. Hence, the main observable is the scale factor, which on the other side is the only parameter of the space metric. As a first step regarding interpretation, we consider the square module of the wave function as the probability density of finding a certain three geometry, i.e, in the model we are considering, a geometry with the value a for the scale factor and φ for the scalar field [12, 20] . We consider farther two examples, whose probability densities are shown in Figures 2 and 8 , and to which would correspond a frozen universe. These Figures show a well defined path along the maxima relative to the direction of the coordinate a, which suggests to consider evolution along this path, i.e. we would have a sort of effective wave function, given by a section of constant φ, in such a way that this coordinate would be identified with time. Actually, a computation of the mean value of the scale factor gives
Thus, if we restrict for a while the integration of φ to a finite interval [φ 1 , φ 2 ], then, from the mean value theorem we get a =
This suggests us to consider time given by the scalar field φ → τ , with a probability amplitude [12] Ψ(a, τ ) = 1
which is normalized at each time,
Thus, the corresponding probability density amounts to
i.e. it is the conditional probability of the universe of being at a and φ, if the universe is at φ regardless of a. Further, a conservation equation for this probability density can be given
Thus, under the preceding assumption, which assigns to φ the character of clock, the classical setup arises from mean values with the probability amplitude (52). For instance the mean value of the scale factor is
The validity of the previous assumption can be verified by a computation of the quantum fluctuations
and 
Note that we have set = 1.
In order to compute the uncertainty in the measurement of the scale factor we would be tempted to use (55). However, the scale factor is determined from its velocity through measurements of the red shift and the big-bang assumption. Nevertheless, the fluctuations for the velocity cannot be obtained from d/dτ a(τ ), hence we estimate them fromȧ(t) = −6κ 2 a −1 π a + fermionic terms, obtained from (9) . Thus, considering that the mean values of the fermionic variables vanish, ∆ȧ = a −1 (|ȧ|∆a + κ 2 /6∆π a ), where the quantities from the right hand side are computed from (54), (55) and (56), considering a → a(τ ). For the two examples considered, these fluctuations are shown in Figures 5 and 11 . It is remarkable that these fluctuations reduce considerably their size in the region which would correspond to the actual era, consistently with a semiclassical behavior.
In this formulation the Hubble factor has the simple expression
whereẆ ≡ d dτ W . In the following, dot and double dot will mean derivatives with respect to τ . There are some comments in order. First, for a given nonvanishing superpotential, there is only one consistent state, solution to the constraint equations. Further, this state is invariant under supersymmetry transformations, hence supersymmetry is unbroken.
In the following, we discuss two examples. These examples are somewhat representative of what can happen. The first one is of a stable potential and the second one of an unstable potential.
A. Stable potential
As an example of the preceding results consider the superpotential
This superpotential is positive for any value of φ only if c > 0. To it corresponds a stable scalar potential (18), with a stable minimum at φ = 0 and V (0) = −c 2 m 4 , see Fig. 1 . In the following, in the figures we set κ = 1. Thus the condition that the superpotential does not vanish, requires that this potential is negative in a neighborhood of the minimum. This class of potentials have been studied in [15] , where it has been shown that they describe universes which after inflation stop to expand, and eventually contract again to a singularity. In particular, these potentials can be the basis for models of cyclic universes. Moreover, the evolution described by these potentials is similar to the behavior resulting from potentials unbounded from below [14, 15] . The wave function profile corresponding to (59) is shown in Fig. 2 . Further, the evolution of the mean value of the scalar factor, a(τ ), is shown in Fig. 3 , where we have used the liberty to fix the free parameter c in order to produce a profile where a(τ = 0) = 1. This evolution is consistent with the results of [15] . Thus, we have a growing Universe from the past at τ = −∞ to the time τ = 0, when it reaches its maximum, and then it starts to collapse as τ → ∞.
It can be seen that this potential satisfies the usual initial conditionsȧ(τ ) → 0 andä(τ ) → 0 as τ → −∞, and also exhibits this behavior at τ → ∞. Furthermore, we depict the corresponding behavior forä(τ ) in Fig. 4 . In Fig. 5 we show the quantum fluctuations of the velocity of the scale factor, which correspond to the fluctuations of the red shift. As mentioned, these fluctuations reduce in the region corresponding to the present era.
Finally, for the Hubble parameter we get
It has limits H → 1/3 as τ → −∞, and H → −1/3 as τ → ∞. 
B. Unstable potential
Another example is the superpotential
which is positive for any value of m. In [8] it has been shown that the superpotential corresponding by (18) to a quartic tachyonic potential, is given by an infinite power series, which is locally approximated by (61). However, (61) is interesting by itself, because its scalar potential V (φ) has properties which lead to instabilities, as discussed in [15] . Indeed, V (φ) has negative local minima, being otherwise positive in a neighborhood of the origin, and at the same time it is unbounded from below for φ → ±∞. This behavior is shown for m = 3 and m = 6.6 as follows. In Figure 6 are shown the details of the local minima that are located in the central part of Figure 7 , the last corresponding to the large scale behavior. From the last Figure, it is interesting to note that −V (φ) has two negative minima, including the global one; hence it corresponds to a potential similar to the one of the example of the preceding Subsection. For m = 3, the graphics of the wave function squared is quite similar to Fig. 2 , and for m = 6.6 it is shown in Fig. 8 . Further, the mean value of the scale factor is shown in Fig. 9 . Its evolution is consistent with the one of the previous example, Fig. 3 . For both values of m there is a singularity at the origin and at some point a collapse; for m = 3 the evolution is like in Fig. 3 , but for m = 6.6 there is a second, shorter inflationary phase before collapse. Note that this last structure cannot be associated directly to the structure of the potential for this value of m in Fig. 6 , as can be seen from a comparison of the details of both Figures. It can be easily seen that this model satisfies as well the boundary conditionsȧ(t) → 0 andä(t) → 0, as t → ±∞. The accelerationä(t) is shown in Figure 10 . In Fig. 11 the quantum fluctuations of the velocity of the scale factor are shown for m = 6.6. Similar to the preceding case, these fluctuations reduce notably in the region corresponding to the present era. The Hubble parameter (58) is in this case
It has the limits H → 0 as τ → −∞, and H → −1/3 as τ → ∞. 
V. CONCLUSIONS
We have studied the worldline supersymmetric theory of FRW universe, with a scalar field. The action is constructed in the superfield formalism following [8] and [10] . The quantization is formulated in the canonical formalism. The operator ordering ambiguities in the supersymmetric constraints are solved by means of the Weyl ordering, leading to "zero point" contributions. The Hilbert space has an indefinite inner product. However, provided the superpotential is nowhere vanishing, there is only one consistent solution to the constraint equations. This solution is bosonic and can be chosen to have positive norm and can be normalized. The examples considered, which correspond to stable and unstable potentials, with probability densities shown in Figures 2 and 8 , suggest an interpretation of the scalar field φ as clock, in such a way that a time dependent, conditional probability density is obtained from the section of constant φ of the wave function [12] , properly normalized. Considering that the actual universe is classical, from this probability density the measurable information is obtained via mean values of the observables, in our case limited to the scale factor. With this setting, the Heisenberg uncertainty relation for the scale factor and its canonical momentum is satisfied. The two considered examples, whose corresponding scalar potentials are shown in Figures  1, 6 and 7, are consistent with the results of references [14, 15] , as they lead to inflationary scenarios with initial and final singularities. Moreover, there may be more than one inflationary phases, as happens in the example of Subsection IV B for m = 6.6. The quantum fluctuations of the velocityȧ, corresponding to the actual measurable quantity regarding the scale factor, the red shift, are computed from the fluctuations of π a , and are shown in Figures  5 and 11 for the worked examples. It is remarkable that these fluctuations reduce considerably their size in the region corresponding to the present era. It would be interesting to make a more detailed study of more realistic cosmological models, as well as under the inclusion of additional matter fields. It could be explored also the introduction of effects like noncommutativity [21] . 
